Introduction {#Sec1}
============

This paper studies the evolution of phenotypic traits in hermaphroditic populations, i.e. populations where every individual has both male and female reproductive system. A great part of these populations has formed various defense mechanisms against self-fertilization (*autogamy*) to guarantee genetic diversification (e.g. a proper shape of a flower can inhibit self-pollination in some species of plants). In that case, individuals can only mate with others to copulate and cross-fertilize. Nonetheless, cross-fertilisation occurs in some hermaphroditic species. Hermaphroditic populations are plentiful among both water and terrestrial animals as well as plants. Some of examples include Sponge (*Porifera*), *Turbelleria*, Cestoda (*Cestoidea*), *Lumbricidae*, some of mollusks such as sea slug Blue Dragon (*Glaucus atlanticus*) and various kinds of land snails or majority of flowering plants (angiosperms).

A considerable amount of literature has been published on modelling asexual populations by means of microscopic description of trait evolution. Macroscopic approximations of that models were derived in the forms of deterministic processes or superprocesses (see Champagnat [@CR8]; Champagnat et al. [@CR9]; Fournier and Méléard [@CR14]; Ferrière and Tran [@CR13]; Méléard and Tran [@CR22]). In this paper we formulate an individual based model to describe the phenotypic evolution in hermaphroditic populations. We consider a large population of small individuals characterized by their traits. The traits are assumed to be unchanged during lifetime, and their examples include skin colour, the shape of a leaf and shell pattern. All the individuals are capable of mating or self-fertilizing to give birth to an offspring.

We consider a general model of mating, which includes both random and assortative mating. The first particular case is a semi-random mating model. This model is based on the assumption that each individual has an initial capability of mating depending on its trait. This mating model is similar to models describing aggregation processes in phytoplankton dynamics (see Arino and Rudnicki [@CR2]; Rudnicki and Wieczorek [@CR27], [@CR28]). The second particular case is an assortative mating model. In this model, the individuals with similar traits mate more often than they would choose a partner randomly. We adapt a model based on a preference function Doebeli et al. ([@CR11]), Gavrilets and Boake ([@CR15]), Matessi et al. ([@CR21]), Polechová and Barton ([@CR23]), Schneider and Bürger ([@CR29]), Schneider and Peischl ([@CR30]), usually used in two-sex populations, to the hermaphrodites. The consequence of mating or self-fertilization is a birth of a new individual. The trait of this individual is given by a random variable that depends only on traits of the parents. Each individual can die naturally or when competing with others. We consider a continuous time model, and we assume that all above-mentioned events happen randomly.

The model presented in this paper is a hermaphroditic analogue of the asexual model introduced by Bolker and Pacala ([@CR6]), Law and Dieckmann ([@CR18]) and studied by Fournier and Méléard ([@CR14]). Despite the vast literature concerning individual based models and their macroscopic approximations, only a few models involving mating processes have appeared so far (Collet et al. [@CR10]; Remenik [@CR26]).

One of our aims is to study a macroscopic deterministic approximation of the model. We obtain it by increasing the number of individuals in the population to infinity, with simultaneous decrease in the mass of each individual. After suitable scaling of parameters, the limit passage leads to an integro-differential equation. Solutions of the equation describe the evolution of trait distribution. We also study the existence and uniqueness of the solutions. We investigate extinction and persistence of the population and convergence of its size to some stable level.

The main aim of our paper is to prove asymptotic stability of trait distribution. Asymptotic behavior of the solutions is characterized by conservation of mean phenotypic trait. We apply our main theorem to two specific models. In these models the offspring trait is the parental mean trait randomly perturbed by some external environmental effects or genetic mutations. In the first model, the noise is additive. The property of additivity allows us to derive a formula for the stationary phenotypic distribution. The second model contains multiplicative noise, and it includes, as a special case, the Tjon--Wu version of the classic Boltzmann equation (see Bobylev [@CR5]; Krook and Wu [@CR17]; Tjon and Wu [@CR32]). The Tjon--Wu equation describes the distribution of energy of particles. As a by-product of our investigation we give a simple proof of the theorem of Lasota and Traple (see Lasota [@CR19]; Lasota and Traple [@CR20]) concerning asymptotic stability of this equation. Addtionally, an example of the trait reduction is given. In this case, in a long period of time, all traits reduce to a particular one, which is the mean trait of the initial population.

The scheme of the paper is following. In Sect. [2](#Sec2){ref-type="sec"} we collect all assumptions on the dynamics of the population. In Sect. [3](#Sec7){ref-type="sec"} we introduce a stochastic process corresponding to our individual based model. Section [4](#Sec11){ref-type="sec"} is devoted to the macroscopic approximation, the limiting equation and its solutions. In particular, we give results about extinction and persistence of the population and stabilization of its size. In Sect. [5](#Sec16){ref-type="sec"} we formulate the results concerning the asymptotic stability, and we give examples of their applications. Finally, in the last section we discuss problems for future investigation concerning assortative mating models.

Individual-based model {#Sec2}
======================
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Random mating {#Sec3}
-------------

In sexually reproducing populations a mating process highly depends on a given species. We will consider both random and assortative mating. In classical genetics individuals mate randomly---the choice of partner is not influenced by the traits (*panmixia*). Random mating occurs often in plants, but it is also observed in some hermaphroditic animals (Baur [@CR3]). We study a semi-random mating model in which the mating rate depends on the trait. An individual described by the trait $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m(x,y;\mu )=\frac{p(x)p(y)}{\int \nolimits _F p(z)\mu (dz)}. \end{aligned}$$\end{document}$$

Assortative mating {#Sec4}
------------------

Now we consider models with assortative mating, i.e. when individuals of the similar traits mate more often than they choose a partner randomly. Assortative mating can be modelled in different ways. For example one can use matching theory, according to that, each participant ranks all the potential partners according to its preferences, and attempts to pair with the highest-ranking one (Almeida and de Abreu [@CR1]; Puebla et al. [@CR24]). Such models are very interesting but difficult to analyze. The most popular models of assortative mating are based on the assumption that a random encounter between two individuals with traits $\documentclass[12pt]{minimal}
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Usually, it is assumed that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(x,y)=\varphi (\Vert x-y\Vert )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$m$$\end{document}$ refers to a female. Females are assumed to mate only once, whereas males may participate in multiple matings. We have $\documentclass[12pt]{minimal}
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Birth of a new individual {#Sec5}
-------------------------

After mating/self-fertilization an offspring is born with probability 1. The trait of the offspring is drawn from a distribution $\documentclass[12pt]{minimal}
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Competition and death rates {#Sec6}
---------------------------
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Stochastic process corresponding to the model {#Sec7}
=============================================

The dynamics of the population {#Sec8}
------------------------------
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Generator of the process {#Sec10}
------------------------
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Macroscopic model {#Sec11}
=================

Macroscopic approximation {#Sec12}
-------------------------

This section contains an approximation of the process which was introduced and studied in the previous sections. The idea is to normalize the initial model and pass with the number of individuals to infinity, assuming that the "mass" of each individual becomes negligible. In this approximation mating and death rates remain unchanged. Only the intensity of interaction is rescaled, and tends to 0 with an unbounded growth of the population. This approach leads to a deterministic nonlinear integro-differential equation whose solutions describe an evolution of trait distribution.
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The standard proof of the above theorem is based on Ethier and Kurtz ([@CR12]) Corollary 8.16, Chapter 4, and since mating is described by the Lipschitz continuous operator on the space of positive and finite Borel measures with total variation norm, it can be directly adapted for example, from Rudnicki and Wieczorek ([@CR27]).

Strong solutions in the space of measures {#Sec13}
-----------------------------------------
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### **Theorem 2** {#d30e5732}
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### *Proof* {#d30e6004}
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### **Corollary 1** {#d30e7621}
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### *Proof* {#d30e8084}

Take a Borel set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A$$\end{document}$ with zero Lebesgue measure. Since the measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K(x,y,dz)$$\end{document}$ is absolute continuous with respect to the Lebesgue measure, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K(x,y,A)=0$$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y\in F,$$\end{document}$ and consequently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{d}{d t} \mu _t(A)\le -\underline{D} \,\mu _t(A)$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _0(A)=0$$\end{document}$. Therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _t(A)=0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t>0$$\end{document}$, and the statement comes from the Radon-Nikodym theorem. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Boundedness, extinction and persistence {#Sec14}
---------------------------------------

From the proof of Theorem 2 it follows that the function $\documentclass[12pt]{minimal}
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### **Proposition 1** {#d30e8428}
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### *Proof* {#d30e8566}
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Equation on a global attractor {#Sec15}
------------------------------

In order to describe more precisely asymptotic behavior of $\documentclass[12pt]{minimal}
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From ([25](#Equ25){ref-type=""}) it follows that all positive solutions converge to the set$$\documentclass[12pt]{minimal}
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Asymptotic stability in the case of random mating {#Sec16}
=================================================

General remarks {#Sec17}
---------------

In this section we study the convergence of solutions of Eq. ([27](#Equ27){ref-type=""}) to some stationary solutions. Equation ([27](#Equ27){ref-type=""}) can be treated as an evolution equation$$\documentclass[12pt]{minimal}
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Since the problem of the asymptotic stability of the solutions of Eq. ([29](#Equ29){ref-type=""}) in an arbitrary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d$$\end{document}$-dimensional space seems to be quite difficult, we consider only the case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F$$\end{document}$ is a closed interval with nonempty interior. Generally, Eq. ([29](#Equ29){ref-type=""}) has a lot of different stationary measures and it is rather difficult to predict a limit of a given solution. Assumption ([9](#Equ9){ref-type=""}) allows us to omit this difficulty. Indeed, if a measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ has a finite first moment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q$$\end{document}$, then according to ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}) we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int \limits _F |z|\,(\mathcal {P}\mu )(dz)&= \int \limits _F\int \limits _F\int \limits _F |z|K(x,y,dz)\,\mu (dx)\,\mu (dy)\\&\le \int \limits _F\int \limits _F (c_1+c_2|x|+c_3|y|)\, \mu (dx)\,\mu (dy)\\&\le c_1+(c_2+c_3)\int \limits _F|x|\,\mu (dx)<\infty \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int \limits _F z\,(\mathcal {P}\mu )(dz)\!=\!\int \limits _F\int \limits _F\int \limits _F zK(x,y,dz)\,\mu (dx)\,\mu (dy)\!=\!\int \limits _F\int \limits _F \frac{x+y}{2}\, \mu (dx)\,\mu (dy)\!=\!q. \end{aligned}$$\end{document}$$Therefore, any solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _t$$\end{document}$ of Eq. ([29](#Equ29){ref-type=""}) has the same first moment for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\ge 0$$\end{document}$. It means that we can restrict our consideration only to probability Borel measures with the same first moment.

The following example shows why we consider solutions of Eq. ([29](#Equ29){ref-type=""}) with values in the space of probability Borel measures instead of the space of probability densities. In this example all the stationary solutions are the Dirac measures, and any solution converges in the weak sense to some stationary measure.
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The Wasserstein distance {#Sec18}
------------------------

In order to investigate asymptotic properties of the solutions, we recall some basic facts concerning the Wasserstein distance between measures. For $\documentclass[12pt]{minimal}
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Theorems on asymptotic stability {#Sec19}
--------------------------------
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### *Proof* {#d30e14210}
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### **Lemma 3** {#d30e14785}

Suppose that condition (i) of Theorem 3 is fulfilled. Then condition ([37](#Equ37){ref-type=""}) holds.
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### **Lemma 4** {#d30e15620}
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Now, we study two biologically reasonable forms of $\documentclass[12pt]{minimal}
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### *Example 3* {#d30e22149}
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### *Remark 1* {#d30e23244}
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Conclusion {#Sec21}
==========

In the paper we presented some phenotype structured population models with a sexual reproduction. We consider both random and assortative mating. Our starting point is the individual-based model which clearly explains all interactions between individuals. The limit passage with the number of individuals to infinity leads to the macroscopic model which is a nonlinear evolution equation. We give some conditions which guarantee the global existence of solutions, persistence of the population and convergence of its size to some stable level. Next, we consider only a population with random mating and under suitable assumptions we prove that a phenotypic profile of the population converges to a stationary profile.

It would be interesting to study analytically long-time behavior of a phenotypic profile of population with assortative mating. Some numerical results presented in the paper Doebeli et al. ([@CR11]) suggest that also in this case one can expect convergence of a phenotypic profile to multimodal limit distributions. This result suggests that assortative mating can lead to a polymorphic population and adaptive speciation. We hope that our methods invented to asymptotic analysis of populations with random mating will be also useful in the case of assortative mating. In order to do it, we probably need to modify the model of assortative mating ([7](#Equ7){ref-type=""}) presented in Sect. [2](#Sec2){ref-type="sec"}, because it has a disadvantage that the mating rate does not satisfy the condition $\documentclass[12pt]{minimal}
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